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Abstract
We establish the connection between the quasi axial-vector (Kiritsis-
Obers) and the generalized bi-algebra (Klimcik-Severa) formulations
of the non-abelian target space duality. We show that the -models
constructed by taking quotients corresponding to the non-abelian chi-
ral isometries have the same \quasi-duality group".
Typeset by LATEX2"
1 Introduction
The eld of non-abelian target space duality is the next, more complicated
step towards a possible understanding of the global structure of the space of
string vacua and, in particular, compactication and cosmological issues.
The original form of non-abelian duality [3, 4] started with a -model that
was acted on by a group of non-abelian isometries; this led to the puzzle of
the \vanishing of the isometries": the inability to perform an inverse duality
transformation, because the model obtained did not have the isometries of
the original -model.
Besides [3, 4], there were several more attempts to develop a dierent ap-
proach to non-abelian duality: works by Sfetsos [5], Alvarez, Alvarez-Gaume
and Lozano [9, 10], Kiritsis and Obers [2], and, the most encouraging one,
by Klimcik and Severa [1].
Also, as it was known for a long time, there are two1 equivalent ways to
obtain dual models in the abelian case: the method of Lagrange multipliers
[8] and the method of the axial-vector quotients [7]. It turns out, though,
that these two methods yield mutually incompatible results when applied to
the -models with non-abelian isometries.
Recently, Klimcik and Severa [1] suggested to give up one of the central
concepts of T-duality: the need for an isometry of the target space manifold.
Their generalized non-abelian duality (GNAD) is built around the bi-algebra
of quasi-isometries (as opposed to the usual path-integral manipulations)
and it includes the \traditional"[3, 4] non-abelian duality as a special case.
In this letter we show that the non-abelian analog [2] of the axial-vector
duality [7] produces a \self-dual" (in the sense of bi-algebra) family of -
models: although they do not share the same target space, they correspond
to the (G;G) symmetric bi-algebra.
The outline of the paper is as follows. First, we briefly describe the
abelian axial-vector duality [7, 6]. After that, we summarize the core notions
of the GNAD [1]. In Section 4 we analyze the axial-vector duality of non-
abelian isometries [2] and show its relevance as a path-integral way of treating
the GNAD that produces the \self-dual" solutions (even if the target space
manifold does not coincide with the group manifold). The conclusions and
the discussion are presented in the Section 5.
1There is also a Hamiltonian approach to the T-duality (for a review see e.g. [9]), but
it is beyond the scope of this paper.
1
2 Abelian Duality and Quotients




































where the conserved currents are given by









We can take a quotient with respect to the axial-vector symmetry of (2.1)

























which ensures the invariance of the action (2.1) under the nite gauge trans-
formations. After the gauge xing, the quotient action has the following form







































where the correction to the dilaton eld (x) was acquired while integrating
out the gauge elds A by their equations of motion and it equals to the
corresponding Jacobian. It is easy to see that the two quotients corresponding
to " = 1 and " = −1 are T-dual to each other. The above result can be
straightforwardly generalized for the case of d abelian isometries yielding a
family of mutually dual models [6].
As we have just seen, in the case of abelian isometries, the notions of
duality and quotient are closely related: a dual pair of -models can be
constructed from a higher-dimensional -model; and, conversely, any two
quotients are related by a suitable duality transformation.
In this letter we intend to show that the same situation exists in the non-
abelian case, although we will have to generalize the denition of duality:
the usual
R
Tr(F (A; A)) procedure turns out to be inadequate in this more
complex environment.
3 Generalized Non-Abelian Duality
In this section we describe the formalism of the generalized non-abelian du-
ality (GNAD) proposed by Klimcik and Severa [1]. The \traditional" non-
abelian target space duality [3, 4] can be seen as a particular case of GNAD
when the \dual group" happens to be abelian.
The central idea of [1] was to abandon the requirement for the -model to
have a set of isometries (and the corresponding conserved currents) in favor
of the so-called \non-commutative conservation laws": a weaker property
that can be found in dual theories.
Suppose we are given some -model (2.2) dened on the target manifold
M and we vary the coordinates onM using the action of some Lie group G.






































where Lva(L) schematically denotes the terms coming from (3.1). Note that
G needs not to be an isometry group ofM, since that would amount to the
much stricter requirement Lva(L) = 0 than the one we are going to impose.
We will say, that the given model admits \non-commutative conservation
laws", if the currents (3.2) can be locally represented (on-shell) as
Jadz − Jadz = Tr( ~Ta~g
−1d~g ); (3.4)
where ~g 2 ~G is the \dual quasi-isometry group" or, equivalently, that they
obey the Maurer-Cartan equation2.
@ Ja + @Ja + ~f
bc
a Jb
Jc = 0; (3.5)




Jc = 0; (3.6)








cFlj = 0 (3.7)
Conversely, if we establish the o-shell validity of (3.6), then (3.4) and
(3.5) will follow immediately (on-shell).
It is easy to see now that the dual -model should obey the same condition
as (3.6) but with the tilded and un-tilded variables interchanged:
~Jadz − ~Jadz = Tr( Tag
−1dg ); g 2 G (3.8)
L~va(~L) + fa
bc ~Jb
~J c = 0 (3.9)
From the integrability condition on the Lie derivative, one can easily












db = 0; (3.10)
which is known in mathematics to be the relation for the structure constants
of the Lie bi-algebra (G; ~G).
We would like to point out that the complete and thorough understanding
and classication of the GNAD is still unknown, since only when the target
space coincides with the group manifold, the equations (3.6), (3.9) can be
completely solved using the Drinfeld double [11].
2Note that the usual conservation law is simply @ Ja + @Ja = 0.
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4 Non-Abelian Duality and Quotients
























































and omitted the unnecessary factors in front of the integrals. The resulting
chiral currents can be found to be



















Following [2], we gauge the chiral symmetries in the following fashion:
h1 −! u
−1h1; hL −! hLu; h2 −! h2w
−1; hR −! whR; (4.6)
where we want u and w to be related by an outer automorphism of the group
G: s^[w] = u−1s^[]. By an outer automorphism we mean a transformation of
a Lie group onto itself by something that is not its own element.
The gauged action is
S















J [h2hR]B(x)J [hLh1] + J[h2hR]F
2 + F1J [hLh1]
i
+ SX
3It can be shown that if one tries to use the Principal Chiral Model actions instead of
the WZW actions in (4.1), the resulting quotient -models do not reduce correctly to the
abelian case (2.5).
5
We can parametrize the outer automorphism s^ in the chosen representation




















If we dene A = J [hL] and A = J[hR],
S




A(!2B!1− S)A+ AJR + JLA
i
(4.9)
The quotient action obtained as in Section 2 (gauge h2 = 1) is given by (note






























I = h−1 @h+ F1; I = h−1@h+B(x)−1F2 (4.12)
We are now nally ready to identify the action (4.10) as having the \non-
commutative conservation laws" (3.6) with ~fabc = g
bdfabc and being, thus,
\self-dual" as described in the previous section. For this, we need to take a
small variation of Sq.
Acting with the innitesimal g = e"
aTa 2 G on the left, h −! gh we
obtain that (("f)bc = −"afabc)
![gh] = !h!g = !h(1− ("f)) (4.13)
I[gh] = I + !
h@" (4.14)


















d2z "af bca J
b
q
J cq ; (4.16)





MI Jq = IMB
−1(x)S: (4.17)
6
Thus we have found that the quotients described by (4.10) satises the con-
ditions (3.6),(3.7) as seen from (4.16) and (3.3). The second requirement
(3.10) is also obeyed, since for ~G = G it is just a Jacobi identity.
The one parameter family of theories (4.10) has the duality groupAut(G),
which is the group of outer automorphisms of G, as the automorphism pa-
rameter matrix S enters into M .
5 Conclusions
We have established the connection between GNAD and axial-vector duality
as its special case. Non-abelian axial-vector duality provides a useful tool
to gain insight into the rich geometric structure of duality which has been
hidden for some time by the simplicity of abelian systems.
Analyzing the h-dependence of the action (4.10) one can see that it is
absolutely incompatible with the h-dependence of the usual dual model [3].
This shows that one cannot hope to reproduce all cases of GNAD with the
quotient technique, but there might still be some subtle procedure that in-
volves the path-integral language.
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